In a typical tactical asset allocation setup managers generally make their choices with the aim of beating a benchmark portfolio. In this context the pure Markowitz strategy does not take two aspects into account: asset returns often show changes in volatility and managers' decisions depend on private information.
Introduction
Nowadays, the task of beating a benchmark portfolio in terms of return given a superior limit on tracking error represents the crucial point if the manager wants to increase the value of her investment: tactical asset allocation (hereafter TAA) strategies are based on an approach according to which the manager is induced to maximise her active return, also known as "alpha", taking its volatility under control. This intuition moves from the traditional optimisation proposed by Markowitz (1959) and shifts the problem from global mean-variance trade-off to the space spanned by active risk and active return.
The performance of the tactically managed portfolios is obviously strictly related to the one of a prespecified benchmark: the fundamental assumption is that the optimal portfolio is composed by three different components respectively named minumum variance, strategic and tactical portfolios 1 . Given that the strategic mix, or benchmark, is the sum of the first two components, the tactical one derives from the manager perception about expected returns which can be different from equilibrium ones; this leads her to maximise her expected utility by selecting a portfolio which is a function of her degree of relative risk tolerance, the covariance matrix and the deviations of expected returns from their equilibrium.
The aim of this work is to show the possibilty to make a portfolio optimisation, in presence of a large number of assets, by combining two different types of information: the first is given by the estimation of a time varying volatility, and the second is private information which derives from manager's bets about the evolution in time of asset excess returns.
From an analytic point of view Roll (1992) has shown that active portfolio is not a global mean-variance efficient one, because it has sistematically higher risk than the benchmark from which it is also independent; this leads to consider an additional constraint on his correlation with the benchmark named as "tactical beta". This fact is also supported by the empirical work of Jorion (2002) . Subsequently Jorion (2003) tries to solve the problem by inserting a constraint on total portfolio risk and Corvalán (2005) summarizes some literature contributions suggesting a model in which TAA portfolio is the sum of an alpha portfolio selected to have excess return on the benchmark, and a beta portfolio to hedge total risk.
The reminder of the paper is organized as follows: section 2 is a short summary on the mean-variance efficient frontier and the restricted one achieved by imposing a tracking error constraint, while section 3 reviews the main aspects the Black and Litterman approach. The empirical model is the object of section 4: in sections 4.2 and 4.3 the attention is focussed on the estimation and forecasting of the expected returns vector and the covariance matrix, while section 4.4 is dedicated to optimal portfolio allocation. Section 4.5 consists in an application of the Black and Litterman model. Finally, section 5 concludes and provides some suggestions for further research.
Portfolio frontiers
This section reviews some useful results about the portfolio frontiers in the space spanned by the absolute expected return and its variance. Given the n-dimensional vector of asset excess returns R and the covariance matrix Ω, 1 A tactical approach to asset allocation allows for opportunistic moves between various asset classes in an attempt to provide additional return by taking advantage of changing market conditions. For a detailed review about the TAA see for example Lee (2000) . the manager's portfolio P is the one selected. Its expected excess return and its variance are given by the scalars R P and σ 2 P , while the vector ω contains all the portfolio weights. The symbols R B , σ 2 B and ω B are referred to the benchmark portfolio B.
In sections 2.1 and 2.2, the absence of a riskfree asset is assumed to preserve the traditional hypherbolic form of the efficient frontier. Another important hypothesis is the possibility of net-short sales: this assumption guarantees a closed-form solution for the manager's optimisation problem, even if it allows for negative portfolio weights 2 .
Mean-variance efficient frontier
The mean-variance efficient frontier in the total return and absolute risk space is derived from the traditional Markowitz (1959) framework. When there is no riskfree asset, for each value of expected portfolio return R P , its equation solves the problem 8 > < > :
where ι is a n × 1 vector of ones. The efficient frontier equation is given by
In the space spanned by the portfolio mean and variance it represents a parabola, thus it is an hyperbola in the (σ P , R P ) space.
Constant TE frontier
If managers want to impose a fixed tracking error constraint to portfolio optimisation in the mean-variance space, the problem of asset allocation implies the decomposition of the vector ω in the sum of the strategic mix portfolio (q) and the tactical one (x). Following Jorion (2003) , the optimisation problem is
2 In a recent paper for example Jagannathan and Ma (2003) argue that imposing nonnegativity constraints to weights surprisingly improves the efficiency of optimal portfolios constructed using sample moments.
where the constraints respectively set to zero the sum of tactical portfolio weights, impose the fixed value T E to the tracking error and finally force the portfolio variance to a given value σ 2 P . The solution of the model (3) is given by those portfolios which satisfy the equation 3 :
The variable R T of the equation (4) is defined as the tactical portfolio return R T = R P − R B and σ is given by the difference σ = σ 2 P − σ 2 B − T E. The parameters are respectively the differences between the benchmark and the minimum variance (portfolio C) mean and variance
where k = −d/a and a, b, c, d are those defined in section 2.1. The parameter ∆ 2 is always positive by definition, with the only exception provided by the case B ≡ C, while ∆ 1 ≥ 0 should be true for portfolios located under the efficent frontier in the (σ P , R P ) space. The quadratic equation (4) thus provides the relationship between expected return and variance given a fixed value for TE, and it represents an ellipse when the condition 4(k∆ 2 − ∆ 2 1 ) > 0 is satisfied 4 . This ellipse gets somewhat distorted in the absolute expected return-risk space as Figure 1 shows.
Moreover, Jorion (2003) provides the following useful properties and theorems about the elliptical frontier in (σ 2 P , R P ) space:
1. R B is the vertical center and σ 2 B + T E is horizontal center of the ellipse. If the value of T E is augmented, the center moves to higher risk regions; 2. maximum and minimun expected excess returns are given by
3 See Jorion (2003) for a detailed analytical derivation of the tracking error constrained efficent frontier. 4 The proof of this result derives from the property of equations of the type Ax 2 +By 2 + Cxy + D = 0; if the term AB − (1/4)C 2 is strictly greater than zero, such relationship represents an ellipse.
3. maximum and minimum risk are given by
4. the ellipse and the efficient frontier may intersect. Necessary condition to have curves that pass through at least one common point in the (σ 2 P , R P ) space is
Setting Ψ = k · T E − k · ∆ 2 + ∆ 2 1 , there are three possibilities: first, if Ψ < 0, curves do not have common points because equation (7) has no solutions. Second, when Ψ = 0, the first contact occurs if
From equation (7) it is evident that this is true for R P = R B . Third, in the case of Ψ > 0, there are always two contact points given by
As T E increases Ψ is augmented and R P moves along the hyperbola, hence all the constrained tracking error portfolios lie inside the area between the efficient frontier and the right arc formed by the two intersections;
5. the minimum possible risk of the constant tracking error frontier is σ 2 C , and is achievable only for T E = ∆ 2 ;
6. when T E = 4(∆ 2 − ∆ 2 1 /k) the ellipse passes through B;
7. when T E = 4∆ 2 the risk of the benchmark portfolio is the minimum level risk achieved by the ellipse.
The Black and Litterman model
The Litterman (1991, 1992) approach (hereafter BL) was introduced to make portfolio optimisation more useful in practical investment situations. As shown in Michaud (1989) , the mean-variance model often leads to irrelevant portfolios because errors are optimised 5 , and it can suffer from instability due to the fact that small changes in inputs change dramatically portfolio weights. Litterman (1991, 1992 ) also try to solve the problem of negative portfolio weights, especially in situations in which managers can not take short positions. The BL model is a way to incorporate investor's views into the asset allocation process; it uses a Bayesian method to combine the investor's views about expected asset returns with the prior information given by the vector containing the implied equilibrium returns 6 ; the posterior information is provided by a distribution whose mean is the mixed estimate of expected returns, and whose variance is a function of the covariance matrix of implied returns and a diagonal one in which the confidence in manager's views are set.
The starting point of the model are the equilibrium returns defined as the market-clearing returns 7 , while expected returns follow the equation
The scalar γ is the weight-on-views parameter used to make covariances proportional to the matrix Ω. The investor's views about the market are expressed according the equation
with η ∼ N (0, S). The (k × n) matrix P contains the weights of assets of the views, the column vector V represents the estimated expected returns in each view, and k is the number of views. The subjective probability excess returns vector is provided by the Theil (1971) estimator
where S is a diagonal covariance matrix about the uncertainity of the views which are assumed to be mutually independent. The aim of the BL model is inserting uncertain personal views in the equilibrium returns to modify portfolio weights in the direction of the manager's hypothesised scenarios.
Nowadays this approach has been revised by taking two drawbacks into account: one empirical and the other conceptual. The first problem is due to the joint normality assumption of the prior information and the investor's views, and this is in contrast with the empirical regularities about asset 6 The implied equilibrium returns vector is the neutral starting point of the model. See for example Idzorek (2002) or He and Litterman (1999) for details. In Bevan and Winkelmann (1998) this vector is given by the benchmark.
7 In this paper the vectorR will be estimated via the model of section 4.2. In the original contribution of Black and Litterman (1992) , it is obtained by solving the unconstrained maximization problem in which the investor utility function is quadratic with constant risk aversion and normally distribuited returns. See also He and Litterman (1999) for details.
returns 8 . In a recent work of Fabozzi, Giacometti, Bertocchi and Rachev (2005) , the standard hypothesis of Gaussian distribution of asset returns is relaxed in favor of heavy-tailed distributions such as α-stable and t-Student: they find that information depends on how the different distributions impact the optimal portfolio. This is true for marginal distributions of expected returns. As it will be shown in section 4.2, this paper deals with distributions conditional on the information set F t−1 , so the normality assumptions can be mantained.
The second problem depends on the Bayesian nature of the model, according to which the manager's views invest the market parameters instead of the market realisations: Meucci (2005) solves this problem by using a copula and opinion-pooling methodology to determine the posterior market distribution. Moreover, he claims that his extension to BL model can be applied to any market distribution and non-normal views.
The model 4.1 The data
The dataset is given by series included in the composition of the DJ Euro Stoxx 50 index at the beginning of 2006; asset returns time series are calculated as 100 times the log difference transformation 9 . Table 6 in Appendix A contains the complete list of the variables used in the model, with the related specifications about the country and the sector to which they belong, and their weight in the DJ Euro Stoxx 50 itself. Considering this index as the benchmark portfolio, the total number of variables is 50. Each time series has 870 daily observations, taken from a sample which goes from the 3 rd March 2003 through the 30 th June 2006. The last week, corresponding to 5 observations, is kept out of sample for forecasting.
The time-varying volatility model
It is well known that daily asset returns volatility often shows some empirical regularities 10 , thus a time-varying volatility model should be chosen to estimate and forecast returns and covariances to insert in the TAA process 11 .
8 Especially for high frequency data, excess returns are very often characterized by leptokurtosis, skewness or other properties that could make the normality assumption too restrictive.
9 Source for data: DATASTREAM. Series of Munch.Ruck (XET) is not available. 10 A lot of stylised facts emerged from the empirical research in asset returns: the most imortant are thick tailed distributions, volatility clustering, common movements and persistence in volatilities. See Bollerslev et al. (1994) or Palm (1996) for details.
11 Litterman and Winkelmann (1998) provide a detailed survey about the covariance matrices estimation, especially for situations such as asset allocation or risk hedging. Voev (2004) 
instead compares the forecasting performances of different suitable models
The use of this approach yields two benefits: first, modelling heteroskedasticity explicitly leads to increased efficiency in the estimation of the parameters of the conditional mean; moreover, forecasting the covariance matrix itself for different time horizons would be useful for TAA, especially because the forecast of the conditional covariances is likely to be the main object of interest.
For this reason several choices are available from the wide literature about multivariate GARCH models: the first attempt to model multivariate conditional covariances is the Vech Model introduced by Bollerslev, Engle and Wooldridge (1988) together with its restricted formulation known as Diagonal GARCH. The BEKK model proposed by Engle and Kroner (1995) , is a good choice to achieve a reasonable level of generality, but its counterpart is represented by the total amount of parameters which becomes very large for high dimensions of the number of time series n: in practice, from the computational point of view the model estimation is rather prohibitive for n ≥7, therefore this choice would be inappropriate for the present work. Other relevant contributions are Factor GARCH by Engle and Ng (1993) and Constant Conditional Correlations (CCC model) by Bollerslev (1990) . Most recently models like O-GARCH (Alexander and Chibumba, 1996) or GO-GARCH (Van der Weide, 2002) based on principal components have been suggested to solve the problem of estimation in presence of a great number of time series and to achieve computational feasibility.
In this paper the forecast model used is the Flexible Dynamic Conditional Correlations (FDCC) by Billio, Caporin and Gobbo (2006) , a useful generalisation of Engle's (2002) DCC model.
Given the the n-dimensional vector y t , the standard FDCC model has the following representation 8 > > < > > :
where F t−1 is the information set available at time t−1, Ω t is the conditional covariance matrix, and µ is a (n × 1) vector of constants. In the present work the matrix Π has the form
where each element is a (n × 1) column of zeros, and θ contains all the coefficients of the equations
for estimating large dimensional covariance matrices.
where i = 1, 2, . . . , n and BMK t−1 is the lagged value of the DJ Euro Stoxx 50 variable 12 .
The matrix D t is estimated during the first step estimation of the model: it is diagonal and each element is given by the conditional variances h it , evaluated via the standard GARCH(1,1) model,
Several choices of univariate GARCH models are availables from the literature for the conditional variances estimation 13 . In this paper Bollerslev's (1986) GARCH(1,1) has been selected 14 .
The block parameters structure of the FDCC is the main innovation: it allows a more general model than the standard DCC, where the correlation dynamics are simply given by 15
where the parameters a and b are scalars. This formulation is a very restricted version of Engle (2002)
in whichQ is the historical correlation matrix of the standardised innovations u t , A and B are square n × n matrices, ι is a vector of ones and the symbol represents the Hadamard product; the imposed scalar restrictions solve the identification problem due to the fact that in equation (17) the number of parameters becomes very large when the dimension is augmented. As in the case of the standard DCC, the estimation of the FDCC model proceeds in two stages: in the former parameters of the first equation in (12) and those of (15) are estimated, while in the latter inference concerns the dynamic correlations matrix. Hence, the second stage equations are
and
12 Even if in theory asset returns should be unpredictable using past information, the use of the lagged value of the benchmark return as regressor in (14) is justified by results in Table 8 in which BM Kt−1 surprisingly captures the dynamics of several expected returns. Moreover this allows to use the VAR(1) formulation in equation (12). Other values for lags are tried, but coefficients related to explanatory variables are not statistically significant.
13 In a previous version of their work, Billio, Caporin and Gobbo (2003) use the Glosten, Jagannathan and Runkle (1993) or GJR specification in the first step estimation to take into account for asimmetries.
14 Different alternative univariate GARCH models were used in first step estimation: EGARCH (Nelson, 1991) , APARCH (Ding, Engle and Granger, 1993) and IGARCH (Engle and Bollerslev, 1986 ) sometimes fail to achieve convergence, while GJR model shows substantial asymmetries in few cases.
15 See for example Engle and Sheppard (2001) .
The matrixQ = diag( √ q 11,t , √ q 22,t , . . . , √ q nn,t ) guarantees that R t satisfies the property of a correlation matrix, while u t contains all the standardised innovation estimated by the equation (15). Note that also the law of motion of Q t follow a GARCH(1,1) as in the first step estimation. The FDCC model instead generalises the model introduced by Franses and Hafner (2003) and it can be easily estimated using the same two stages approach of the standard DCC.
Focussing on the parameter structure in equations (19) and (17), it is evident that cc = (ιι − aa − bb ) Q , while A = aa and B = bb : the peculiarity of the FDCC is the way by which the n-dimensional column vectors a and b are partitioned.
Assuming that n assets can be grouped upon their belonging to k different sectors with k < n, the dynamics of correlations are imposed to be the same among variables of the same sector, while this in not true for the whole correlation matrix. As a consequence, the vector a is partitioned as
where the vectors ι j , with j = 1, 2, . . . , k, are vectors of ones with the number of rows equal to the number of assets belonging to sector j. In the present work the n = 50 variables are divided into k = 12 macro-sectors listed in Table 7 of Appendix A. Given the equations (12), (15) and (19), 5n and 2k parameters have to be estimated in the two step estimation; the total number of parameters in the whole model is therefore 5n + 2k = 274. The use of the FDCC follows from the need to take into account different important purposes: first, this is a parsimonious model because it allows to use a large number of series without implying that the number of parameters becomes explosive. Second, it is an efficient model for estimating and forecasting time varying covariances matrices which are the fundamental input required during the TAA process. Third, the FDCC specification makes it possible to mantain the same GARCH dynamics of the DCC correlation structure, but it relaxes the contraint of equation (16) for which all the correlations have to follow the same pattern; from this point of view this model represents a good generalisation of standard DCC. Finally, Q t is positive definite by construction if the contraint
holds: according to Billio, Caporin and Gobbo (2006) 
Forecasts
The model also provides the daily forecasts for the expected returns and for all the unique elements of the Ω t . Once the manager has selected the number τ of periods in which she would to tactically manage her portfolio, these results may been used to evaluate forecasts about total returns and conditional covariances matrix at time τ .
The forecast return of asset i at time T + τ is given by the equation:
wherep i,T +τ is the τ step-ahead forecast of the logarithm of the i-th asset price.
The forecasts of the covariance matrix of (22) for the periods, which goes from time T + 1 through time T + τ , is provided by the following equation:
whereΩ T +j is the daily forecast conditional covariance matrix estimated through the last equation in (12) and equation (15). The proof of equation (23), which represent the forecast of the covariance matrix and not the covariance matrix of forecasts, is in Appendix C.
Portfolio selection results
Given the estimates of FDCC, the empirical analysis uses the forecasts about expected returns and covariance matrices 17 to build a few representative portfolios.
In order to follow the definition of TAA as a short term strategy to enhance a better return and/or less risk than the benchmark, the forecast horizon is set in τ = 5 days. Short sales are allowed to make possible the optimisation process without using any numerical method, and there are no riskfree assets to preserve the traditional hyperbolic form of the efficent frontier. Table 1 shows the evolution in each period of the performances related to five portfolios given respectively by
• the minimum variance portfolio (C),
• the Sharpe-optimal portfolio 18 (M ),
• the efficient portfolio (E) which has the same risk of the benchmark and lies on the efficient frontier,
• the efficient constrained portfolio 19 (J) which has a fixed tracking error of 2%,
• the benchmark portfolio (B).
These performances, obtained from FDCC estimates, are evaluated in terms of absolute and relative expected return-risk perspectives: portfolio alpha index is the excess return on the benchmark and its volatility, or tracking error, is obtained using the formula
where x is the active portfolio introduced in the last equation of (3). Given that the manager can invest directly on the benchmark, x is the difference between the vector of portfolio weights ω P and the n-dimensional vector q, a basis in which the one is associated to the benchmark. The Information Ratio is the natural counterpart of the Sharpe ratio in the relative returnrisk space and it is simply given by the ratio of alpha to tracking error. All values in Tables are expressed in percentages. For each period the tangency tracking error value (T A ) is evaluated. It is the minimum value for T E that provides the first intersection between the efficient frontier and the constrained one, according to equation (8). Table 1 the tracking error of portfolios C and E is less than 2%. This happens because of the property 4 of section 2.2 and the independence of these portfolios from the desired T E; portfolio M instead lies at the right of the curve, thus its tracking error is greater than 2%. Figure 1 shows graphically all the forecast frontiers and portfolios of Table 1 . Figure 1 (f) the forecast frontiers after T + 5 periods, obtained using expected returns and covariance matrix evaluated from equations (22) and (23); all the evaluated portfolios are those in Table 2 where the frontiers do not intersect because T A =3.7977. In this case T A is greater than 2%, hence all the tracking errors are greater than 2% too, with the only obvious exception of the benchmark. cording to equation (7), when T E < T A , it follows that Ψ < 0 and contacts portfolios do not exist because the constrained frontiers lie inside the hyperbola. The curves are somewhat distorted in (σ P , R P ) space around the benchmark portfolio and their graphic is made by a sort of concentric areas. The first contact (Ψ = 0) occurs in portfolio A which has the same expected return of the benchmark and a tracking error of T A .
For T E greater than the tangency value, curves have two intersections and Ψ > 0; the region between the efficient set and the right arc defined by those common points contains all possible constrained portfolios. Figure 2 (a) illustrates the T E ≤ T A case, while Figure 2 (b) shows curves obtained for 4% and non conventional 8% and 10% desired tracking errors. For example note that, when T E = 4%, the frontiers have two contact points F and F , therefore portfolio C lies in the surface given by the efficient set and right ø F F in which a tracking error of 3.7977 is allowed.
Blending the views
The empirical Bayesian nature of the BL approach leads to estimate the vector of expected returns as weighted average of equilibrium returns and views, where weights depend on differences of expected returns from equilibrium and on the manager's confidence in views 20 .
When the investor has some views about the expected returns, she can combine her private information with the one available from the forecast model. In this analysis the following views about expected returns are those formulated by the manager:
• all returns of assets belonging to Chemicals will change to 3% (3 absolute views),
• all returns of assets belonging to Utilities will change to 2% (6 absolute views),
• given the above scenario 3, the return of ENI equals that of DEB, the return of REP equals that of BBV and the return TOT equals that of AIB (3 relative views),
• AXA and ING outperform BMK by 2% (2 relative views).
Once selected the views, implementing the BL approach requires the specification of, on one hand, a suitable weight-on-views to calibrate the confidence level of the prior belief γΩ and, on the other, the matrix S containing the uncertainty of the views. Black and Litterman (1992) and Lee (2000) suggest the first solution to this practical problem by imposing γ to be close to zero, because the uncertainty of the means is less than the one of expected returns. Shi and Irwin (2005) instead demonstrate that theoretically the parameter has to be equal to T −1 , where T is the number of observations of asset returns. Conversely, Satchell and Scowcroft (2000) provide an analytical method which often sets γ = 1. In all these contributions the uncertainty of views is given by the matrix S whose diagonal elements are the inverses of each investor's confidence in views.
In this paper the calibration used is that of He and Litterman (1999) in which the covariance matrix S is assumed to be proportional to variance of the view portfolios, according to the equation
Variable s i is defined as the i-th diagonal element in matrix S, p i Ωp i is the variance of the view portfolio and p i is the i-th row in matrix P . The above specification leads to the following expression for the new combining expected returns vector:
where P ΩP is a diagonal matrix whose diagonal elements are the same as those of the product P ΩP . The advantage provided by this assumption is that γ does not affect the new combined vectorR BL because only the ratio (25) enters in its evaluation; this implies that it is not necessary to assign any explicit confidence level to views.
Portfolios
The optimistic views expressed in the previous section makeR BL greater than FDCC forecast expected returns, so they determine the surface enlargement of both the efficient set and the constrained frontier: this means that, after the blending process, manager can invest in a higher number of portfolios. Table 4 and Figure 3 show respectively the resulting portfolios and frontiers updated according to mean-variance paradigm and the manager's views, with fixed T E = 2%.
Moreover, as shown in Table 10 , the MSE associated to BL model is less than the MSE evaluated on both FDCC forecasts and sample means estimates.
Finally Table 5 reports expected returns and Alpha evaluated for portfolios C, M , E, J and B using ω F DCC and ω BL which are respectively the portfolio weights evaluated after the FDCC estimation and after the BL blending; the first two columns compute performances using realized returns taken from the out of sample period which goes from 26 th through 30 th June 2006, while in the last two columns such returns are modified via equation Table also shows that portfolios C and B are independent from manager's choices and therefore from the vectors of weights used. 
Concluding remarks and further research
The aim of this paper is to suggest a portfolio optimisation for large scale TAA dealing with two aspects: on one hand, the proposed model takes the changing volatility of asset returns over time into account and, on the other, it provides the possibility of using private information in the meanvariance paradigm. An empirical work is proposed to tactically manage some portfolios of interest in the space spanned by absolute risk and total expected return, using data taken from the DJ Euro Stoxx 50 index. The FDCC model by Billio, Caporin and Gobbo (2006) is useful to solve the practical problems of forecasting the expected asset returns and their covariance matrix: the possibility to group variables among sectors allows to model the persistence in volatility in a parsimonious way and does not imply any computational drawback. Moreover, the BL approach instead can represent a good method to incorporate the manager's views about asset returns in the asset allocation process.
The whole analysis is carried out on different portfolios located along the mean-variance efficient set (Markowitz, 1959) and the fixed tracking error constrained frontier introduced by Jorion (2003) .
The whole work is based on different assumptions which can be relaxed in future research: the absence of a riskfree asset, the possibility of short positions and finally the estimation of a GARCH(1,1) model in the first step of FDCC.
It is well known that efficient frontier is not an hyperbola when a riskfree asset is included in optimisation, while the form and the properties of the constrained tracking error frontier have to be explored: this can dramatically modify the portfolio allocations in the (σ p , R P ) space.
The consequence of relaxing the second assumption is that vector of weights has its elements ω i ≥ 0: even if managers often can not make short positions, this constraint implies that equations (1) and (3) may return corner solutions for that vector or solutions wich have no closed-form. Hence some numerical algorhithms are required and this can represent a drawback from the computational point of view.
The last hypothesis is about first step estimation of the FDCC model: the GARCH(1,1) in conditional variance equations does not take some aspects into account, such as asimmetries, unit roots or varying exponent (see for example APARCH model by Ding, Engle and Granger, 1993) . The wide literature provides many solutions which can lead to forecasts of expected returns very far from those obtained in this work.
Appendix A: Assets and sectors Table 9 shows the second step estimation of the FDCC model, according to equation (19): note that the equation (21) is not violated for each estimated value of a and b parameters. For each time series Table 10 provides:
• R T +5 : sum of realized out of sample returns (5 observations);
•R T +5 : estimated expected returns vector from FDCC model, according to equation (22);
•R BL : estimated Black and Litterman (1991) returns vector, according to equation (26);
•R: 5 times sample means;
• h 1/2 : realized risk from out of sample observations;
•ĥ 1/2 T +5 : estimated risk vector from FDCC model, according to equation (23);
• σ y : variance of forecasts computed on sample variances (s 2 ) evaluated as σ y = √ 5s 2 ;
Mean squared errors (MSE) for different estimated returns are also evaluated. 
